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Abstract 
Caccetta, L. and K. Vijayan, Long cycles in subgraphs with prescribed minimum degree, 
Discrete Mathematics 97 (1991) 69-81. 
We determine the minimum number of edges a graph needs in order to ensure that the 
subgraph induced by all vertices of degree at least d contains a cycle of length at least c, or 
cycles of all lengths up to c. 
1. Introduction 
All graphs considered in this paper are finite, loopless and have no multiple 
edges. For the most part, our notation and terminology follows that of Bondy and 
Murty [2]. Thus a graph G has vertex set V(G), edge set E(G), v(G) vertices, 
E(G) edges, and minimum degree 6(G). K,, denotes the complete graph on n 
vertices and C, a cycle of length 1. G + H denotes the disjoint union of the graphs 
G and H. The join G v H of disjoint graphs G and H is the graph obtained from 
G + H by joining each vertex of G to each vertex of H. 
Let %((n, m) denote the class of graphs on n vertices and m edges, and let 
G E %((n, m). For suitably restricted values of m, G will necessarily contain 
certain prescribed subgraphs such as cycles of given lengths, complete graphs, etc. 
Indeed, given any graph H on IZ or fewer vertices, then for sufficiently large m all 
graphs in ‘3(n, m) will contain a subgraph isomorphic to H. The problem of 
determining the maximum m such that %(n, m) contains at least one graph G 
which has no subgraph isomorphic to H is a fundamental problem in extremal 
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graph theory. There are well-known results when H = Kk+, (Turan’s Theorem) 
and when H = C, (see Bollobas [l]). 
In a recent paper with Erdos [3] we established a number of results concerning 
the existence of certain subgraphs in G each of whose vertices has at least a 
prescribed minimum degree in G. Most of these results are concerned with the 
case when the subgraph is a complete graph. In the present paper we shall focus 
on the case when the subgraph is a cycle of specified length. 
When m zz n, G has at least one cycle. The length of the longest cycle in G is 
called the circumference of G and is denoted by c(G); when G has no cycles we 
define c(G) = m. Woodall [5] determined the lower bound of c(G) for each m, 
m 2 n. For positive integers a and b, we define r(a, b) as 
r(a, b) = a - b ; 
11 
(1.1) 
the remainder on division of a by b. For integers n 2 t 2 3, define w(n, t) as 
w(n, 1) = l(n - r - 1)t + $r(r + l), (1.2) 
where r = r(n - 1, t - 1). Then Woodall’s result can be written as: 
Theorem 1. Let G E %(n, m) with m a n and c(G) = t. Then 
m C w(n, t) 
and this result is best possible. 
(1.3) 
Equality in (1.3) is achieved by the graph (see Fig. 1) 
W(n, t) = K, v 
n-l 
(I I 
t_l K,-I + K+-I,,-,) 1 
, (1.4) 
which has n vertices, w(n, t) edges and circumference t. Here SK,_, denotes s 
disjoint copies of K,_,. Note that w(n, t) increases with t for a fixed n; it is 
Fig. 1. The graph W(n, t). 
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perhaps easier to see this from (1.4) rather than from (1.2). Now defining 
w(n, 2) = II - 1 we have the following restatement of Woodall’s theorem. 
Theorem 1’. Let 
t = cEt;;mj {c(G)>. (l-5) 
Then for m 2 n, 
w(n, t - 1) Cm S w(n, t). 
The circumference of the subgraph of G induced by the vertices of degree at 
least d will be called the d-circumference and is denoted by cd(G). We define 
cd(n, m) = min {cd(G)). 
GEqr2.m) 
(1.6) 
In [4] we determined cJn, m) for the case m = [an’] + 1. For this particular 
value of m, all cycle lengths up to the d-circumference are present for d < tn + 1. 
The object of this paper is to determine c,(n, m) for every m, and also to identify 
when all cycles up to this length are also present. We state our results precisely in 
the next section and give the detailed proofs in Sections 3 and 4. 
2. Preliminaries and statement of main results 
For a given n and H, let e(n, H) denote the maximum value of m such that 
%(n, m) contains at least one graph which has no subgraph isomorphic to H. 
When H = Ct+I, Woodall’s theorem states that if t = c,(n, m), then 
e(n, C,+i) = w(n, t). (2.1) 
The graph w(n, t) displayed in Fig. 1 is an extremal graph. The well-known 
theorem of Turan implies that for H = Kk+l, k 2 1 
e(n, L+J = & [(k 7 1) n2 - r(n, k)(k - r(n, k))]. (2.2) 
Imposing degree conditions, we have the following two lemmas that were proved 
in [3]. 
Lemma 2.1. Let Gd denote the subgraph of G E %(n, m) induced by the vertices of 
degree at least d and n1 = IV(G,)l. If Gd d oes not contain a subgraph H, then 
m < e(n,, H) + (n - n,) . min{b(d + Iti - l), d - l}. (2.3) 
Let g(nI, H) denote the right side of (2.3). We have the following. 
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Lemma 2.2. Let g(nJ = g(nl, I&+,), k b 1. Then 
max k(nJ> = max{g(n), g(d - l)}, 
n,=d-1 
and 
.Zd”“, {g(4)> = 
g(d - I), 
g( [+(n - k + l)] k), otherwise. 
We note from (2.2) that for fixed n, e(n, &+,) is increasing with respect to k 
and that e(n, K3) = I$‘]. Hence the following lemma. 
Lemma 2.3. Zf e(n,, H) s e(n,, K3) = [$I”] for all nl s n, then 
max {g(nl, H)} c max{in*, $(d - 1)’ + (n - d + l)(d - l)}, 
n1 
As mentioned in the introduction, our objective in this paper is to determine 
for given integers n and d, 2 c d S n - 1, cd(n, m) for every m > n and to identify 
when all cycle lengths up to the d-circumference are present. Consider a graph 
G E %(n, m). Clearly c2(n, m) = c(G) and c,_,(n, m) = m for m < $z(n - 1). To 
avoid the latter trivial case we assume that 2 <d s n - 2. The subgraph of G 
induced by the vertices of degree at least d is denoted by Gd. Suppose 
IV(G,)j = n, and c(Gd) = t. Then (2.1) and (2.3) together yield 
m < w(n,, t) + min{$(n - nl)(d + n1 - l), (n - nl)(d - l)}. (2.4) 
Let g(nl, t) denote the right hand side of (2.4). The important problem that 
arises is that of determining the max,, {g(ni, t)}. As we shall see the solution of 
this problem requires considerable effort. 
It is convenient, before stating the results of this paper, to introduce the 
following constructions and additional terminology. We let R,,, denote a graph 
on p vertices, [ipq] edges and maximum degree 9, 1 c q up - 1. Let Hi E 
%(ni, m,), i = 1, 2 be t wo graphs. We denote by G,(H,, Hz) the graph obtained 
from H1 and Hz by joining each vertex of EZ1 to exactly LY, 1 c US n2, vertices of 
Hz in such a way that each vertex of Z-& has [ml/n,] or [ml/n,] + 1 edges from 
HI incident to it. Note that 
G,(K, K) E %(a1 + n2, ml + m2 + an& 
We represent the graph C,(H,, H2) diagramatically as in Fig. 2 . 
@d-(x-J 
Fig. 2. G,(H,, Hz). 
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For given integers n, d and t with 2 - <dsn-2and3ctsn, wecanchoosecu, 
Hi and Hz such that the resulting graph G,(H,, Hz) has n vertices and a 
d-circumference of t. In particular, for nl 3 t 3 d the graph 
G1 = Gd-i&z-,,, w(n,> 9) 
has a d-circumference of t. The graph G, is displayed in Fig. 3. Note that 
c(W(n,, t)) = t and the only vertices of G, having degree at least d are in 
W(k, t). 
For tSn 1 s d - 1 consider the graph 
G2 = G,@-,,+-,,, W(nr, t)). 
This graph is displayed in Fig. 4. Note that c(W(nl, t)) = t and if G2 has vertices 
of degree at least d then they belong to W(n,, t). Now given any integers t and d 
with 3~ t s d - 1 we can choose an n1 such that the resulting G, has a 
d-circumference of t. In fact it is not too difficult to verify that the choice 
n1 = 1 + min{d - 2, (t - 1) [(n - d - 1)/2(t - 1) + 11 } 
will yield a G2 with the required d-circumference. We will show in Lemma 3.1 
that this choice of n1 yields an edge-maximal graph. 
The above constructions demonstrate that given any three integers n, d and t 
with 2 cd s n - 2 and 3 s t S n there exists a graph on n vertices with 
d-circumference equal to t. To state our results precisely it is convenient to 
d-l 
K 
n-n 
1 
I = r (n , -1 ,t-1) 
s= 
n; 1 
l-l t-1 
Fig. 3. The graph G,. 
L. Caccetia, K. Vijayan 
r = r(n ,-1.t-I) 
S= 
n,-1 
l-4 t-1 
R(n-n,,d-l-n,) 
Fig. 4. The graph G2. 
introduce the following notation. Define 
a, = 1+ min{d - 2, (t - 1) 1r1 - d - 1)/2(t - 1) + lj}. (2.5) 
Note that for each t, a, = d - 1 for it > 3(d - 1). Further, for rz < 3(d - l), a, may 
be less than d - 1. The motivation for (2.5) will come out in the proof of Lemma 
3.1. 
Let r = r(n - 1, t - 1). We define a graph C? as follows. 
if2<tSd-1; 
if d - 1 <t G 2(d - 1); 
if2(d-l)<t<nandr<2d-3; 
otherwise. 
Observe that 
i 
[$(rz - a,)(d + a, - l)] + w(a,, t), if 2 < t c d - 1; 
E(G) = 
(n - t)(d - 1) + w(t, t), if d - 1 < t =S 2(d - 1); 
r(d - 1) + w(n - r, t), if2(d-l)<tSnandrc2d-3; 
4% 4, otherwise. 
Observe that e is one of W(n, t), G1 or G2 described above. Thus 6 has a 
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d-circumference of t. We define the number f(n, d, t) as: 
(2.6) 
We have proved the following lemma. 
Lemma 2.4. Given integers n, d and t with 2 s d c n - 2 and 3 s t 6 n - 1, if 
cd(n, m) = t, then m sf(n, d, t). 
We shall in fact prove in Lemma 3.1 that f(n, d, t) is the maximum number of 
edges a graph G on n vertices with d-circumference t can have. From this follows 
the main theorem. 
Theorem 2. Given integers n, d and t with 2 s d s n - 1 and 3 s t s n - 1, if 
cd(n, m) = t, then 
f(n, d, t - 1) <m sf(n, d, t). 
For sufficiently large m, G E %(n, m) contains cycles of every length up to its 
circumference. The following result is well known (see [l, p. HO]). 
Lemma 2.5. Let G E %(n, m) with m > in*. Then G contains a C, for each 1, 
3~l~c(G). 
Given cd(n, m) it is natural to determine when all cycle lengths up to cd(n, m) 
are present in the subgraph of G E %(n, m) induced by the vertices of degree at 
least d. This question is answered in Section 4 where we prove the following 
results. 
Theorem 3. Given integers n, d and t with 2 cd s [in] + 1, 3 s t s n - 1. Zf 
cd(n, m) = t, then the subgraph G, of G induced by the vertices of degree at least d 
contains a C, for each I, 3 s 1 s t if: 
Mn + 111, if d-l&; 
t-l> (d-~)+~(d-4)2-2n(d-1-&), $z<d-l<n,; 
i{d + d{n - 2(d - 1)}2 - d(d - 2)}, otherwise 
where 
no= l-’ (n-l). 
( > ti 
Moreover, this is the best possible bound on t. 
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Theorem 4. Given integers n, d and t with [$I] + 1 < d s n - 1 and 3 c t s n - 1. 
If cd(n, m) = t, then the subgraph Gd of G induced by the vertices of degree at least 
dcontain.saC,foreachl, 3SlGtif; 
{ 
bd, if $z <d - 1 < s(n - 1); 
t-1’ [i(n-d)l ifd-l>a(n-l), 
and this is the best possible result. 
3. The determination of c&, m) 
For the remainder of this paper It, d and t are given integers satisfying 
2 s d s n - 2 and 3 s t c n - 1. Further, Gd denotes the subgraph of G E %(n, m) 
induced by the vertices of degree at least d and n, = 1 V(G,)I. Suppose c(GJ = t. 
Then (2.4) holds; that is: 
g(nl, t) = w(n,, t) + min{ [4(n - nI)(d + n1 - l)], (n - n,)(d - 1)). (3.1) 
The main step in the proof of Theorem 2 is to show that g(nr, t) S f (n, d, t). 
Lemma 3.1. max,, {g(nl, t)} =f(n, d, t). 
Proof. For fixed t, we have from (1.4) and (3.1) 
D(+, r) := g(nl + 1, t) -g(n,, r) 
= ( 
Li(n - d)] - (t - 1) [(n, - l)/(t - l)] + 6, if n1 < d - 1; 
r(nI - 1, t - 1) - d + 2, otherwise 
where 6 = 1 or 0 according as (n - d)(nl + d - 1) is odd or even. 
First consider the case t G d - 1. Obviously r(nI - 1, t - 1) s d - 2 for all ItI 
and hence D(q, t) s 0 for nI 3 d - 1. Thus the maximum of g(nI, t) is attained 
for some n 1 s d - 1. For nl c d - 1, D(n,, t) is a non-increasing function in nl. 
Now let 
b, = (t - 1) L(n - d - 1)/2(t - 1) + 11. 
We have 
and 
[(b, - l)/(t - l)] (t - 1) = L(n - d - 1)/2(t - l)] (t - 1) c J(n - d - l), 
lb,/(t - l)] (t - 1) = l(n - d - 1)/2(t - 1) + 11 (t - 1) 2 i(n - d). 
Remembering that 6 = 0 unless (n - d) is odd, we then observe that 
l$(n - d)] - [(n, - l)l(t - l)] (t - 1) + S 
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is positive only if n, <b, and negative only if n, 2 b, + 1. Hence g(n,, t) is 
maximum when 
n1 = min{b, + 1, d - 1) 
= a, (by (2.4)). 
Now let us consider the case when f > d - 1. Since n1 2 t > d - 1, we have 
D(n,, t) = r(nl - 1, t - 1) - d + 2 
is negative for r(nr - 1, t - 1) <d - 2. Consequently g(nr, t) has local maxima 
when r(ni - 1, t - 1) = 0, that is when n1 - 1 is a multiple of (t - 1). For this case 
g(n*, 0 = 4(n, - 1)t + (n - n,)(d - 1) 
which increases or decreases as n, increases according as t 2 2(d - 1) or 
t c 2(d - 1). Hence if t ~2(d - l), g(n,, t) is maximum for ni = t, while if 
t > 2(d - l), g(ni, t) is maximum when n1 = n - r or n, = n, where r = r(n - 
1, t - l), according as r < 2(d - 1) or not. The latter is obvious since 
g(n, t) - g(n - r, t) = ir(r + 1) - r(d - 1). q 
Lemma 2.4 and 3.1 together imply Theorem 2. 
4. Specified cycle lengths 
In this section we prove Theorems 3 and 4 stated in Section 2. As in the 
previous section n, d and t are given integers with 2 6 d s n - 1 and 3 < t 6 n - 1. 
Cd is the subgraph of G E %(n, m) induced by vertices of degree greater than 
d - 1 and n1 = IV(G,)l. 
Lemma 4.1. Suppose cJn, m) = t. Then Cd contains a cycle Cl for each I, 3 c 16 t 
if: 
jn2, ifdsi(n+l); 
$(d-1)2+(n-d+l)(d-1), ifjn+l<d~$z+l; 
$(n -d + 1)2 + &(d - l), ifds$n+l. 
Proof. Suppose Cd does not contain all the specified cycles. Since t s c(G,), we 
have by lemmas 2.1 and 2.5, 
n ~M(rz,) = in: + (n -n,) . min{i(n, + d - l), d - l}. (4.1) 
For n, cd - 1, M(n,) is quadratic in nl, the leading term positive and hence is 
maximum when 
n, = min{n -d -t 1, d - l}. (4.2) 
For n1 2 d - 1, M(nl) is quadratic in nl, with the leading term positive and hence 
is maximum when n1 takes one of the two extreme values i.e. (d - 1) or n. Also 
for n1 = d - 1, 
M(d - 1) = +(d - l)* + (n - d + l)(d - 1) = (d - l)(n - $(d - 1)) 
= I{‘- (fn - (d - l))*} 
> $2’ if and only if d - 1 > fn. 
That is, if d - 16 fn, then M(d - 1) G M(n), and if d - 12 in, then M(d - 1) 3 
M(n). Also we note that, if d - 1 Z= &z then from (4.2), M(n - d + 1) 2 M(d - 1). 
Thus 
M(n) = in*, ifdSfn+l; 
M(d-l)=a(d-l)*+(n-d+l)(d-l), iffn+l<dSin+l; 
M(n-d+l)=!(n-d+l)‘+&z(d-l), ifda$z+l. 0 
Now the validity of Theorems 3 and 4 may be easily deduced from this 
following lemma. 
Lemma 4.2. For fixed integers n and d, the number f (n, d, t) increases as t 
increases, 3 6 t S n. 
Proof. For a given t, let us assume that the function g(n,, t) defined in (3.1) is 
maximum when nl = n:(t). Then from Lemma 3.1, 
&l*(t), t) =f (n, 4 9. 
Also, 
01, t + 1) -g(n,, t) = w(n,, t + 1) - w(n,, t) > 0. 
Hence 
f (n, d, t + 1) = g(nT(t + l), t + 1) >g(nT(t), t + 1) 
>g(n:(t), t), if n:(t) 2 t + 1 
=f (n, 4 t)- 
If n:(t) < t + 1, i.e. n:(t) = t, we can get the same inequality by observing that 
g(t + 1, t + 1) >g(t, t) 
and hence 
f(n, d, t + 1) Sg(t + 1, t + 1) >g(n:(t), t) = f (n, d, t). Cl 
Now we can easily prove Theorems 3 and 4. 
Long cycles in subgraphs 79 
Proof of Theorem 3. First consider the case d - 1 c in. Obviously 2(d - 1) s &z 
and hence for t > srz, 
f(n, d, t) = w(t, t) + (n - t), max{d - 1, t(n - t + 1)) 
S $(t - 1) + &z - t)(n -t + 1) 
= (t - gn + l))* + f(n2 - 1) 
> in’, if t 3 $(n + 3). 
Also, when t = [4(n + l)] , (4.3) holds with equality and hence 
f(n, d, ri(n + 1)1) = ([t(n + 1)1 - t(n + l))* + !(n’ - 1) S $z*. 
(4.3) 
Noting that f(n, d, t) is an increasing function in t (Lemma 4.2) the claim in 
Theorem 3 is proved for d - 1 s $n. 
If $r < d - 1 < no, we observe that 
[d - ; + v(d - f)’ - 2n(d - 1 - in)] 
lies between d - 1 and 2(d - 1). Also for d - 1 c t < 2(d - l), 
f(n, d, t) = w(t, t) + (n - t)(d - 1) = +t(t - 1) + (n - t)(d - 1) 
= i(t - d + ; + a,,)(t - d + 4 - ao) + an*, 
where 
a, = ji(d - 4)’ - 2n(d - 1 - in). 
Hence f(n, d, t) > in* if and only if t > d - 1 + a,. That is 
Hence again from Lemma 4.2, the theorem is established when d - 1 lies between 
$r and no. 
Now for the last case when n lies between no and [in]. Obviously 4{d + 
j/{n - 2(d - l)}* - d(d - 2)) lies between td and (d - 1). For t lying between id 
and d - 1 
f(n, d, t) = ii(n - a,)(d + a, - l)J + ~(a,, t) 
= +(n - d + l)(d - 1) + $(t - 1) + l(d - 1 - t)(d - t) 
(sincen-d-lad-1 andhencea,=d-1) 
= (t - Id - b,)(t - id + 6,) + in2 
where 
b. = $d(n - 2(d - l))* - d(d - 2). 
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Hence 
f(n, d, 9’ an2 iff t>jd+b,=$( d + I/(n - 2(d - l))‘- d(d - 2)) 
by appealing to Lemma 4.2. 0 
Proof of Theorem 4. Here we have d 3 in - 1. To ensure all cycle lengths up to 
t, the number of edges, in the graph must be larger than 
{ 
$(d-l)‘+(n-d+l)(d-l), ifd-l<$n; 
{(n - d + l)‘+ tn(d - l), ifd-Is&n. (4.4) 
When d-l<$, n-d>d-2 and hence if t= [idl, then n-dst-1 and 
consequently a, = d - 1. 
For d-lats+d, 
f(n, d, t) 2 w(d - 1, t) + (n -d + l)(d - 1) (4.5) 
with equality when t = [id1 (since a, = d - 1). Now 
w(d - 1, t) = ${t(t - 1) + (d -t - l)(d - t)} = (t - $d)2 + +d(d - 2) 
> $(d - 1)2 iff t 2 i(d + 2). (4.6) 
Hence combining (4.5) and (4.6), with the Lemma 4.2, we get the result for 
d-l<$z. 
To prove the case when d - 1 3 $t, we observe that for t > i(n - d + l), a, = t 
and 
f(n, d, t) = $(t - 1) + $(n - t)(t + d - 1) = $n(d - 1) + $t(n - d) 
which exceeds the required bound (4.4) if and only if t > $(n -d + 2). Hence if 
n - d + 2 is even, the theorem is proved. So the only case that remains is that 
when n - d + 2 is odd. For this case when t = &(n - d + l), a, = 2t - 1 and 
f(n, d, t) = t(t - 1) + $(n - 2t + 1)(2t + d - 2) 
= &z(d - 1) + (t - &(n -d + 1 - t + i) - 2 
< $n(d - 1) + $(n - d + 1)2. 
Hence the theorem follows from Lemma 4.2. Cl 
Remark. In his paper, Woodall obtained as a corollary to his theorem on cycles 
an analogous result for paths. We can, similarly obtain a result analogous to 
Theorem 2 for paths. 
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